Dispersion in Laminar Tube Flow at Low
Peclet Numbers or Short Times

A new asymptotic solution is developed for the dispersion of a pas-
sive solute in a Newtonian fluid in fully-developed laminar flow through a
straight circular tube. A perturbation solution to the convective disper-

sion problem is constructed by utilizing the pure diffusion solution as an
initial approximation in an iterative successive approximation proce-
dure. The derived perturbation solution is shown to be valid at both short
and long times for sufficiently low values of the Peclet number and is
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also valid at any value of the Peclet number for sufficiently small values

of time.

Introduction

Convective dispersion plays an important role in many engi-
neering transport problems. Consequently, it is not surprising
that the dispersion of a passive solute in a Newtonian fluid in
fully-developed laminar flow through a straight circular tube
has been the subject of a large number of theoretical investiga-
tions. Although the boundary value problem describing this dis-
persion process is linear, no simple, exact, analytical solution has
been developed for the local concentration distribution or for the
mean concentration at a given axial location. The theoretical
studies that have been carried out for this important problem
can conveniently be divided into three general categories:
numerical solutions, exact series solutions, and asymptotic solu-
tions.

In the first category of solutions, finite-difference solutions
have been reported by Bailey and Gogarty (1962), Anantha-
krishnan et al. (1965), Gill and Ananthakrishnan (1967), and
Mayock et al. (1980). In addition, an orthogonal coliocation
procedure has been utilized by Wang and Stewart (1983).
Numerical solutions can of course be very accurate, but they are
not convenient replacements for analytical solutions since a sep-
arate solution is required for each different set of conditions.

Exact series solutions have been proposed by Gill (1967), Gill
and Ananthakrishnan (1967), Gili and Sankarasubramanian
(1970), Tseng and Besant (1970, 1972), Yu (1976, 1979, 1981),
and De Gance and Johns (1978a, b, 1980). These series solu-
tions achieve the status of exact solutions to the problem as the
number of terms in the series becomes very large. Perhaps the
most comprehensive results of this type are those reported by Yu
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who solved the diffusion-convection problem by using a Bessel
function series in conjunction with an appropriate truncation
procedure for the series solution.

The computation of the terms of the series requires a signifi-
cant numerical effort, and, hence, this series solution is not par-
ticularly convenient, Yu, however, has presented a large number
of computed results for the laminar convective dispersion prob-
lem which can be used to establish the range of validity of
asymptotic solutions. Tseng and Besant used a Bessel function
series and an eigenvalue-eigenvector approach to construct a
solution to the laminar dispersion problem. Yu (1981) has
shown that his approach is essentially equivalent to the method
used by Tseng and Besant. Consequently, the method of Tseng
and Besant, like that of Yu, requires a significant computational
effort in the evaluation of the series solution. Furthermore, Yu
has questioned the computational accuracy of the method Tseng
and Besant used to evaluate the eigenvalues and eigenvectors.
Gill and his coworkers developed a series solution for the local
solute concentration in the tube in terms of the mean concentra-
tion and of axial derivatives of the mean concentration. It has
been shown by Gill and Subramanian (1980) and Yu (1980)
that the approach of Gill and his coworkers is equivalent to the
solution method that Yu used. Gill presented a truncated ver-
sion of the series solution that is necessarily of restricted utility
since it is characterized by what can conveniently be called the
symmetry property.

A solution of the laminar dispersion problem has the symme-
try property if it yields an average concentration distribution
which is symmetric about the origin of the moving coordinate
system at all times, if the initial distribution is symmetric. As
will be noted below, the truncated solution form of Gill can be
considered to be an asymptotic solution to the dispersion prob-
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lem, valid at sufficiently long times. De Gance and Johns
expanded the local solute concentration in terms of a series of
Hermite functions in the axial coordinate, but explicit results for
the mean concentration were not presented because of the slow
convergence of the proposed series. A dispersion approximation
was used to provide an estimate to the slowly converging sum.

Asymptotic solutions have been constructed to the laminar
dispersion problem for short and long times and for low and high
values of the Peclet number. The first solution of this type
appears to be the one constructed by Taylor (1953, 1954) and
Aris (1956). It is generally recognized that the Taylor-Aris solu-
tion is valid asymptotically at sufficiently large values of time.
Yu (1979, 1981) compared results computed from his series
solution with the predictions of the Taylor-Aris solution and
concluded that this solution is valid, for all practical purposes,
for values of the dimensionless time, ¢, greater than 0.7. The
Taylor-Aris solution, like the truncated solution of Gill and
coworkers, has the symmetry property. Both solutions are
asymptotically valid at sufficiently long times, but, as shown by
Yu (1981), the Gill solution is applicable at smaller times than
are required for the Taylor-Aris solution. Chatwin (1970) also
obtained a long-time solution by formulating an asymptotic
series for the solute concentration which illustrates how an
asymmetric solution for the mean concentration approaches the
symmetric form as ¢ — . Chatwin claimed that his asymptotic
series was valid for ¢ > 0.2, but a comparison of the solution of
Yu (1979, 1981) with that of Chatwin indicates that somewhat
larger values of dimensionless time are needed for the solution of
Chatwin to yield satisfactory mean concentration profiles.

Short-time asymptotic solutions to the laminar dispersion
problem have been proposed by Lighthill (1966), Chatwin
(1976), and Hunt (1977). The solution of Lighthill is restricted
to high Peclet numbers as well as to small values of the dimen-
sionless time. The analysis of Lighthill applies to situations for
which the injected solute does not interact with the tube wall,
and Lighthill thus estimated that his short-time solution should
be valid for dimensionless times ¢ less than about 0.1. However,
from comparisons carried out by Yu (1979, 1981), it appears
that the Lighthill solution does not perform particularly well
even for ¢ = 0.02. Chatwin (1976) extended the Lighthill solu-
tion to all values of the Peclet number by keeping the axial diffu-
sion term in the continuity equation for the solute concentration.
Again the analysis is valid only if the solute does not interact
with the tube wall.

Furthermore, determination of the mean concentration of the
solute at particular values of the axial position and time requires
the numerical evaluation of two improper integrals. Hunt
(1977} used a singular perturbation method to construct a solu-
tion that appears to be asymptotically valid at small times for
flow with large Peclet numbers. However, Yu (1979, 1981) has
shown that the solution derived by Hunt is not generally quanti-
tatively correct at small values of time. Finally, Fife and
Nicholes (1975) presented a method for deriving solutions for
low values of the Peclet number, but they derive no new results
for circular tube flow using this method.

The objective of this study is to formulate a new asymptotic
solution which will complement the solutions that are valid
asymptotically at sufficiently large values of time (the Taylor-
Aris and Gill solutions). A perturbation solution to the disper-
sion problem is constructed by utilizing a successive approxima-
tion method with the pure diffusion solution as the basic initial
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approximation in the iteration procedure. It is shown that the
derived perturbation solution is valid at both short and long
times for sufficiently low values of the Peclet number and is also
valid at any value of the Peclet number for sufficiently small val-
ues of time. The equations and solution method are formulated
in the second section of the paper, and the perturbation solution
is presented in the third section of the paper. The properties and
range of validity of the solution are investigated in the final sec-
tion of the paper.

Problem Formulation

We consider the laminar, axisymmetric, isothermal flow of an
incompressible, two-component Newtonian fluid in an infinitely
long circular tube. A finite amount of additional solute is
injected into the system, but the amount is sufficiently small
that all physical properties in the system are effectively con-
stant. Furthermore, the solute is passive in the sense that it
undergoes no chemical reactions. The species continuity equa-
tion for the solute can be written in dimensionless form as fol-

lows:
1 \oC 14 aC
+Pe(§_')a>\=rar(’5)+

where the axial coordinate A is defined such that it has an origin
moving with the average velocity of the flow. The boundary con-
ditions for the problem can be expressed as follows:
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C(r, +o0,1) =0 (5)

In the present paper, the discussion is limited to the develop-
ment of a solution for a concentrated initial solute input distrib-
uted uniformly over the cross section of the tube at the origin
z* = 0 of the stationary coordinate system. For this concen-
trated injection of solute, the initial condition can be written as
follows:

C(r, 2, 0) = 6(N) (6)

An asymptotic solution to the above set of equations is formu-
lated using a perturbation method. An iteration procedure is
used to find successive approximations upon a basic solution; in
this case, the pure diffusion solution is taken to be the initial
approximation in the iterative procedure. It can be expected that
the perturbation expansion, which is generated by this proce-
dure, should be valid whenever the ratio of convective terms to
diffusive terms in the species continuity equation is suitably
small. Ananthakrishnan et al. (1965) showed that diffusion
should dominate convection when the quantity Peyi is suffi-
ciently small. Consequently, it is reasonable to expect that the
perturbation expansion derived from the proposed iteration pro-
cedure should yield reasonable results for both short and long
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times for sufficiently low values of the Peclet number and also
for any value of the Peclet number for sufficiently small values
of time.

The initial or zero-order approximation to C (which is
denoted as C,) is obtained by neglecting the convective term
altogether in Eq. 1. Consequently, C is obtained by solving the

equation
18{ 3G, N
Z (s
rar\ or

subject to Eqs. 2-6. To calculate the first-order effects of con-
vection, the zero-order solution is used to evaluate the convective
term in Eq. 1, and the resulting equation is then solved for the
first-order approximation C,, subject again to Eqs. 2-6. Gener-
ally, then, we solve for the complete solution at each stage, using
the following equation for the nth order approximation:
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It is clear that the full boundary conditions, Egs. 2-6, must be
imposed at each stage of the iteration process.

The solution of Eq. 8 subject to Egs. 2—-6 can conveniently be
constructed using the method of Green’s functions {Stagkold,
1968). The solution to Eq. 8 can thus be written as follows for
nzl

C,(r,\ 1)
¢ 1 ofe

= 1 (Fos Mo 20)8(r, A, E[Fo, g, Lo)ro dNg dry dit
‘/0‘_[‘/_;41(000)8( 170, No» o) o dXg dry dty

n fo g(r,\, 17, 0,0)r, dry (9)

where
1 aC,_,
) = —Pe|z — r*|—— 10
qn—l(r9 >\’ ) e(2 r) I\ ( )
and where g(r, A, 1| ro, Ao, 1) 18 given by the expression
A=)’
H(t — t)) exp| — ————
(r, N, €] 70, oo o) 4 — 1)
8\, A, L[ To, Ags b)) = ﬁ \/?—:To
. i ']O(anrO)JOI(anr)eﬁa%(‘—tn) (] 1)
n=0 Jo(an)
where the a, are the roots (including 0) of
Ji(a,) =0 (12)

Equations 9 and 11 thus provide a convenient vehicle for the
development of the perturbation series. This is illustrated in the
next section. Finally, it is necessary to define a radial area aver-
age concentration at each axial location since this is usually the
quantity of prime importance in dispersion theories. In this
paper, the average solute concentration is defined as follows:

C- .[lCrdr (13)
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Construction of Perturbation Solution

As noted in the previous section, expressions for C, can be
obtained for # = 1 by utilizing Egs. 9 and 11. The solution for G,
can also be obtained using a Green’s function approach. The
solutions for C, and for the zero-order approximation to the
average concentration are simply:

2
ex/-u

C, -
Q 2‘/ﬁ

=26,

(14)

Equation 14 is the pure diffusion solution. The solution to Eq. 8
for n = 1 can be obtained from Egs. 9 and 11 by utilizing the
following expression for g,:

1 2
Pe(i - rz))\e')‘ 14

Qo= 4w (15)
The solution for C, can thus be expressed as
Pere ™" & Jo(aur)[1 — =]
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and, furthermore, it follows immediately that
G-G (17)

The solution to Eq. 8 for # = 2 can be obtained from Eqs. 9
and 11 by introducing the following equations for g;:
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The solution for C, can thus be expressed as follows
Pe?e™1%] 2 A?
C2=C1+—‘/7_F—*—‘[W—m F(r,t) (20)
where
= 2 —akt _ 1
F(r,t) = _Z_6|:t + i—z—‘:|
n=1 “n oy,
= Jylar) [1—e _u
t L | @
= i = Jo(am’) Cmn
a1 met o) 5(0m)
m¥*n
l — e—a,z,,t e—aﬁt _ e-a,z,,l (21)
) a?, o —al
Con = [ P Talet?) Joletr)elr 22)
o
Vol. 34, No. 9 1425



Consequently, the following expression can be derived for Gy
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In a similar manner, the following solution can be derived for
G
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The evaluation of C, as a function of A and ¢ is facilitated by
utilization of the following result:
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Clearly, the calculation of C, from Eq. 24 involves only simple
series summation.

Higher order approximations (with n = 4) to the average con-
centration Ccan of course be derived, but the labor involved rap-
idly becomes excessive. It is, however, possible to improve the
utility of the perturbation series given by Eq. 24 by increasing
the accuracy of the series and by extending its range of validity.
This can be done in this case by introducing an Euler-type trans-
formation (Van Dyke, 1974) for the Peclet number. Introduc-
tion of a modified Peclet number

8Pe’A

Fe(r) - —ped_
e () = T 5pea

(29)

leads to the following modified version of the perturbation series
for G;:
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4w 2

(B~ E) (2)3

12M) -
+ VEEYO T) P93] (30)

1426 September 1988

It can be shown that the asymptotic series given by Eq. 30 has
superior convergence properties than the perturbation series
given by Eq. 24. An evaluation of the properties and range of
validity of Eq. 24 and Eq. 30 is carried out in the next section
using results computed by Yu (1981) from his exact series solu-
tion. The present solution is also compared to the Taylor-Aris
and Gill long time asymptotic solutions and to the pure convec-
tion solution. The pure convection solution can be derived by
solving the equation

aC

7l 31)

1 ,18C
+ Pe ( 77" ) N
subject to the initial condition given by Eq. 6. The solution is
simply
C =3[ — Pe(th — r¥) 1] (32)
and, hence, the average concentration Cis described by the fol-
lowing set of equations:

2PetC=1 33)
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In the discussion that follows, Eq. 24 will be denoted as the
basic perturbation series, and Eq. 30 will be termed the modi-
fied perturbation series. Equation 24 will be used to deduce
some basic properties of the perturbation series, but Eq. 30 will
be utilized in all numerical calculations because of its superior
convergence properties.

Evaluation of Perturbation Solution

Since a new asymptotic solution, Eq. 24 or 30, has been devel-
oped in this paper, it is necessary to evaluate its properties and
its range of validity. First of all, it should be noted that this solu-
tion is of theoretical interest since it leads to an understanding of
the mechanics of the dispersion process for small times, whereas
much of the previous work on dispersion has given results valid
asymptotically as # — . Thus, one result of this paper is to pro-
vide a simple small-time solution which complements the avail-
able simple large time solutions (the Taylor-Aris and Gill solu-
tions). As noted by Chatwin (1976), small-time solutions are of
interest for many important flows, and thus a solution is needed
to describe how the details of the flow and of the initial solute
distribution affect the dispersion process in the limit z — 0.

It is possible to establish a connection between the present
solution and the long-time solutions of Taylor-Aris and Gill. It is
easy to show that the basic perturbation solution, Eq. 24, to
order Pé?, is identical to the Gill solution for a concentrated ini-
tial solute input (Yu, 1979), to order Pe?, for all values of time.
Consequently, for sufficiently small values of Pe, where the Pe*
term and higher-order terms are negligible, the Gill solution is
not restricted to the long-time region since the average concen-
tration distribution effectively possesses the symmetry property
for all values of time. At higher values of Pe, where the Pe® term
begins to become important, the Gill solution does not agree
with Eq. 24 since the Gill solution retains the symmetry prop-
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Figure 1a. Early time behavior of perturbation solution
for Pe — 1,000 and t = 5 x 107°.

Curve P, perturbation solution; Curve D, diffusion solution; Curve
C, convection solution.

erty whereas Eq. 24 clearly does not. Hence, in such cases, the
Gill solution is restricted to long times since it cannot predict
asymmetric concentration profiles that exist at shorter times. It
is also possible to show that the basic perturbation solution, Eq.
24, to order Pé?, is identical to the Taylor-Aris solution for a con-
centrated initial input (Yu, 1979), to order Pe?, but only at suffi-
ciently large values of time. Clearly, from these results, it is evi-
dent that the Gill solution is valid at smaller times than the
Taylor-Aris solution, as is of course well known (Yu, 1981).
Finally, the Taylor-Aris solution will be valid for all times only
when the Peclet number is very small so that the term of order
Pé? can be neglected.

One useful way of studying the mechanics of the dispersion
process for small ¢ is to examine the time dependence of the
average concentration distribution for high Peclet numbers. An-
anthakrishnan et al. (1965) noted that axial molecular diffusion
predominates over axial convection even for large values of the
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Figure 1c. 1 =2 x 107%

Peclet number if ¢ is sufficiently small. This type of behavior is
indeed predicted by the perturbation solution developed in this
paper. The behavior predicted by the modified perturbation
solution, Eq. 30, at early times for Pe = 1,000 is illustrated in
Figures 1a—1d. At the lowest value of time, it is evident that the
predicted average concentration distribution is close to the pure
diffusion solution. As time increases however, the average con-
centration profile computed from the perturbation solution be-
gins to approach the solution for pure convection. For even
larger values of time, an asymmetric concentration distribution
exists, and ultimately the Taylor-Aris solution is achieved at
sufficiently long times.

The development of an asymmetric average concentration
distribution from the initial symmetric form as time increases is
illustrated in Figure 2 for Pe = 15. In this figure, the position of
the maximum in the average concentration profile is plotted vs.
dimensionless time. The calculations are carried out using Eq.
30. Initially, the maximum in the mean concentration distribu-
tion is at the origin of the moving coordinate system (A = 0)
before shifting to negative values of \. Ultimately, the maxi-
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Figure 1d. t-2.5 x 10°°
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Figure 2. Time dependence of position of the maximum
in the average concentration profile for Pe =

15.

mum returns to A = 0. The Gill and Taylor-Aris solutions cannot
of course predict such asymmetries in the concentration distri-
bution since the maximum is at A = 0 for all times for these
asymptotic solutions. For example, the differences in average
concentration distributions between the Gill solution and the
modified perturbation solution, Eq. 30, are illustrated in Figure
3.

The change of the form of the average concentration distribu-
tion with increasing time can also be monitored by calculating
the ratio of the amount of added solute in the region with nega-
tive values of A relative to the mean flow position to that with

2pPet T
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Q
-2 =1 o] { 2
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Figure 3. Comparison of average concentration distribu-
tions for perturbation solution and for Gill solu-
tion for Pe = 15and t = 0.2.

Curve P, perturbation solution; Curve G, Gill solution.

1428

September 1988 Vol. 34, No. 9

positive values of A:

!l

S ca
R=Ye=
[ Car
0
Initially, for the concentrated input, R = 1, but R should
increase with increasing time, reach a maximum value, and then
decrease toward unity as the average concentration profile even-
tually becomes symmetric again about the plane moving with
the mean flow velocity. This type of behavior is illustrated in

Figure 4 for Pe = 15. This figure is based on the following equa-
tions which are derived by substituting Eq. 30 into Eq. 35:

(35)

0

E=1 (36)
Z*‘P

2Pe*(B — E
e’( ) 37

T Vm (1 + 8P AY

The practical utility of the new perturbation solution of
course depends on how wide are the ranges of time and Peclet
number for which the solution provides an adequate estimate of
the average concentration distribution in the tube. Chatwin
(1970) suggested that one way of assessing the validity of
asymptotic solutions is to compare the first few axial integral
moments computed from the asymptotic solution with the exact
values which can be determined by solving the appropriate
moment equations. A convenient set of time-dependent mo-
ments can be defined in the following manner:

Ip=£1[:A”Cr&dr

(38)

106 T T

106 — —

104

103

ol

1.02

[Kel}

1.00

o_ggL [

001 0.02

il L

N T
050 100

005 Q.10

t

020

Figure 4. Time dependence of Rfor Pe = 15.
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and we are interested here in p = 0, 1, 2, and 3. From the basic
perturbation solution, Eq. 24, it is easy to derive the following
results by simple integration:

Io = 1/2 (39)
I -0 (40)
Pe't  Pé x gent
L-t+—L_ 16Pé? 4
2=t 795 " o8s0 T OTE ; e @0
I, = 48PeX(B — E)1 (42)

The exact solutions to the appropriate moment equations pro-
duce precisely the same results for I, I, I,, and I5. The values of
I, 1, and I, for the exact solutions of the moment equations are
well known (Aris, 1956; Chatwin, 1970; Wang and Stewart,
1983), and a derivation of the correct value for /; will be pre-
sented in a future communication. Consequently, the basic per-
turbation solution has the property that it produces values of the
first four integral moments that agree over the entire time
domain with the exact values derived from solution of the appro-
priate moment equations. None of the available long-time solu-
tions has this property. The solutions with the symmetry prop-
erty (the Gill and Taylor-Aris solutions) necessarily have I, = 0
for all times, and the solution of Chatwin (1970) deviates from
the exact value of I, at short times. However, even though the
basic perturbation solution has exact values for the first four
moments for all values of time, it provides good predictions for
the average concentration profile only for small values of time.
Hence, a moment comparison can be misleading, and we thus
evaluate the perturbation solution in this paper using the com-
puted results presented by Yu (1981). All of the predictions are
obtained using the modified perturbation series, Eq. 30, rather
than the basic perturbation series, Eq. 24, since the former has
better convergence properties.

The dimensionless peak mean concentration for various val-
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Figure 5. Dimensionless peak mean concentrations: per-

turbation solution vs. solution of Yu (1981).

The lines are the solution of Yu and the individual points were com-
puted from the perturbation solution.
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ues of the Peclet number was evaluated as a function of dimen-
sionless time from Eq. 30 and compared with the results of Yu
(1981) in Figure 5. The results of Yu, which are presented as
solid lines in Figure S, were taken directly from a figure pre-
sented in his paper. At each value of Pe, there is a time interval,
0 =t = ¢, over which the modified perturbation series, Eq. 30,
produces a good estimate of the maximum average concentra-
tion. Here, 1,, is the largest value of dimensionless time at which
the perturbation series should be used to calculate the average
concentration profile at a particular value of the Peclet number.
For Pe = 15, ¢, is at least unity. For Pe > 15, the following equa-
tion provides a conservative estimate for 1,

Peit, =5 (43)

Clearly, the new perturbation equation is very useful at low
Peclet numbers (Pe = 15) since it is valid over a time interval
which overlaps the time interval for the Taylor-Aris solution
(t 2 0.7). Furthermore, it predicts the shapes of asymmetric
average concentration distributions whereas the Taylor-Aris
and Gill solutions predict only symmetric concentration profiles.
As the Peclet number increases, the acceptable time interval for
the perturbation solution decreases significantly so that there no
longer is overlap with the time domain of the Taylor-Aris solu-
tion. However, the perturbation series still provides acceptable
results at high values of the Peclet number for sufficiently small
values of the dimensionless time. Consequently, the perturba-
tion series solution is valid not only at all times of interest for
sufficiently small values of Pe, but it provides predictions for any
value of the Peclet number for sufficiently small values of time.
This time interval will be of practical interest for some, but of
course not all, transport processes.
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Notation

A = function defined by Eq. 25
B = function defined by Eq. 26

C -~ dimensionless mass density of solute = C* — (,/C, — G,
C* = mass density of solute

C, = mass density of solute in mixture before injection

C, = C, + M,/7R’

C, = nth order approximation for C
Cmn = constants defined by Eq. 22

C = radial average solute concentration defined by Eq. 13
C, = nth order approximation for C
D = binary mutual diffusion coefficient
E = function defined by Eq. 27
f = function defined by Eq. 19
F = function defined by Eq. 21
g = Green’s function
H = step function
I, = moment defined by Eq. 38
Jo = Bessel function of first kind of order zero
J, = Bessel function of first kind of order one
M, = mass of injected solute
Pe = Peclet number = RU,/D

Pe = modified Peclet number defined by Eq. 29

g,.-, = function defined by Eq. 10
r = dimensionless radial distance variable = 7*/R
r* = radiai distance variable
R = radius of tube

R = ratio defined by Eq. 35
¢ = dimensionless time = Dt*/R?
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t* = time

t,, = upper limit of dimensionless time for utilization of perturbation
series

U, = velocity at center of tube

z* = axial distance variable

Greek letters

a, = roots of Eq. 12

§ = Dirac delta function

A = dimensionless axial distance variable = (z* — U*/2)/R
¥ = function defined by Eq. 37

Literature Cited

Ananthakrishnan, V., W. N. Gill, and A. J. Barduhn, “Laminar Disper-
sion in Capillaries: I. Mathematical Analysis,” AIChE J., 11, 1063
(1965).

Aris, R., “On the Dispersion of a Solute in a Fluid Flowing Through a
Tube,” Proc. Roy. Soc. A, 235, 67 (1956).

Bailey, H. R., and W. B. Gogarty, “Numerical and Experimental
Results on the Dispersion of a Solute in a Fluid in Laminar Flow
Through a Tube,” Proc. Roy. Soc. A, 269, 352 (1962).

Chatwin, P. C., “The Approach to Normality of the Concentration Dis-
tribution of a Solute in a Solvent Flowing Along a Straight Pipe,” J.
Fluid Mech., 43, 321 (1970).

, “The Initial Dispersion of Contaminant in Poiseuille Flow and
the Smoothing of the Snout,” J. Fluid Mech., 77, 593 (1976).

De Gance, A. E., and L. E. Johns, “The Theory of Dispersion of Chemi-
cally Active Solutes in a Rectilinear Flow Field,” Appl. Sci. Res., 34,
189 (1978a).

, “On the Dispersion Coefficients for Poiseuille Flow in a Cir-

cular Cylinder,” Appl. Sci. Res., 34,227 (1978b).

, “On the Construction of Dispersion Approximations to the
Solution of the Convective Diffusion Equation,” AIChE J., 26, 411
(1980).

Fife, P. C., and K. R. K. Nicholes, “Dispersion in Flow Through Small
Tubes,” Proc. Roy. Soc. A, 344, 131 (1975).

Gill, W. N., “A Note on the Solution of Transient Dispersion Prob-
lems,” Proc. Roy. Soc. A, 298, 335 (1967).

1430

September 1988 Vol. 34, No. 9

Gill, W. N, and V. Ananthakrishnan, “Laminar Dispersion in Capillar-
ies: IV. The Slug Stimulus,” AIChE J., 13, 801 (1967).

Gill, W. N,, and R. Sankarasubramanian, “Exact Analysis of Unsteady
Convective Diffusion,” Proc. Roy. Soc. A, 316, 341 (1970).

Gill, W. N, and R. S. Subramanian, “On Laminar Dispersion for Flow
Through Round Tubes,” J. Appl. Mech., 47, 975 (1980).

Hunt, B., “Diffusion in Laminar Pipe Flow,” Int. J. Heat Mass Trans-
Ser, 20,393 (1977).

Lighthill, M. J., “Initial Development of Diffusion in Poiseuille Flow,”
J. Inst. Maths Appl., 2,97 (1966).

Mayock, K. P., J. M. Tarbell, and J. L. Duda, “Numerical Simulation of
Solute Dispersion in Laminar Tube Flow,” Sep. Sci. Technol., 15,
1285 (1980).

Stakgold, 1., Boundary Value Problems of Mathematical Physics, I,
Macmillan, New York (1968).

Taylor, G., “Dispersion of Soluble Matter in Solvent Flowing Slowly
Through a Tube,” Proc. Roy. Soc. A4, 219, 186 (1953).

, “Conditions Under Which Dispersion of a Solute in a Stream of
Solvent Can Be Used to Measure Molecular Diffusion,” Proc. Roy.
Soc. A, 225, 473 (1954).

Tseng, C. M., and R. W. Besant, “Dispersion of a Solute in a Fully
Developed Laminar Tube Flow,” Proc. Roy. Soc. A4, 317,91 (1970).

, “Transient Heat and Mass Transfer in Fully Developed Lami-
nar Tube Flows,” Int. J. Heat Mass Transfer, 15, 203 (1972).

Van Dyke, M., “Analysis and Improvement of Perturbation Series,”
Quart. J. Mech. Appl. Math., 27, 423 (1974).

Wang, J. C., and W. E. Stewart, “New Descriptions of Dispersion in
Flow Through Tubes: Convolution and Collocation Methods,”
AIChE J., 29, 493 (1983).

Yu,J. S, “An Approximate Analysis of Laminar Dispersion in Circular
Tubes,” J. Appl. Mechanics, 43, 537 (1976).

, “On Laminar Dispersion for Flow Through Round Tubes,” J.

Appl. Mechanics, 46, 750 (1979).

, “On Laminar Dispersion for Flow Through Round Tubes,” J.

Appl. Mechanics, 47, 976 (1980).

, “Dispersion in Laminar Flow Through Tubes by Simultaneous

Diffusion and Convection,” J. Appl. Mechanics, 48,217 (1981).

Manuscript received Feb. 4, 1988, and revision received May 3, 1988.

AIChE Journal



